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Abstract
Let G be an undirected connected graph. Given a set of g groups each being a subset of V (G), the tree routing and coloring
problem is to produce g trees in G and assign a color to each of them in such a way that all vertices in every group are connected by
one of produced trees and no two trees sharing a common edge are assigned the same color. In this paper we study the problem of
finding a tree routing and coloring that uses minimal number of colors in the solution. This problem has applications of multicast
connections in optical networks.We first prove (g1−ε)-inapproximability even when G is a mesh, and then we propose some
approximation algorithms with guaranteed error bounds for general graphs and some special graphs as well.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a finite, undirected graph with vertex-set V (G) of size |V (G)| = n and edge-set E(G) of size |E(G)| = m.
Let Γ = {1,2, . . . ,g} be a set of g subsets of V (G), where each i is called a group. A tree T over i
(1  i  g) is a tree in G with i ⊆ V (T ). A family T = {T1, T2, . . . , Tg} of trees is said to be a tree family over
Γ = {1,2, . . . ,g} if there is a permutation ρ on {1,2, . . . , g} such that Tρ(i) is a tree over i for each 1 i  g.
A coloring {(Ti, ci) | i = 1,2, . . . , g} of a tree family {T1, T2, . . . , Tg} colors Ti with color ci such that ci = cj when-
ever E(Ti)∩E(Tj ) = ∅.
In this paper we consider the Minimal Tree Routing and Coloring (MIN-TRC) problem: given an instance (G,Γ ),
construct a tree family {T1, T2, . . . , Tg} over Γ such that there exists a coloring {(Ti, ci) | i = 1,2, . . . , g} with minimal
number of distinct colors in {c1, c2, . . . , cg}. This problem serves as a model for establishing multicast connections
in optical networks. Multicast communication is a point-to-multipoint communication that enables a node to send
data to multiple recipients, and nodes interested in the same set of data form a multicast group. In order to perform
multicast communication in optical networks [27] for g multicast groups, two steps are needed for each group: produce
a light-tree interconnecting all group members, and assign a wavelength to it such that no two light-trees sharing a
✩ This work was supported in part by the NSF of China under Grant No. 70221001, 60633020 and 10531070.
* Corresponding author.
E-mail addresses: xchen@amss.ac.cn (X. Chen), xdhu@amss.ac.cn (X. Hu), jia@cs.cityu.edu.hk (X. Jia).1570-8667/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.jda.2007.02.001
342 X. Chen et al. / Journal of Discrete Algorithms 6 (2008) 341–351common link are assigned the same wavelength. Thus the multicast routing and wavelength assignment with minimum
wavelength usage is equivalent to MIN-TRC.
Although there are some previous works [8,12,23] on the NP-hardness of the MIN-TRC problem, the inapprox-
imability/approximability study on this problem is far from complete. Most of previous works on the MIN-TRC
problem mainly focused on the special case in which every group has only two members. In this case, a tree over
a group is simply a path connecting the two members and the problem is known as the Minimal Path Routing and
Coloring (MIN-PRC) problem. This version has been extensively studied for several topologies, e.g., trees, rings,
meshes, etc. In particular, the MIN-PRC problem is known to be NP-hard for all the three topologies mentioned
above [8,12,28], and is approximable within 4/3 for trees [21], within 2 for rings [25], and within poly(log logm)
for 2-dimensional meshes [24]; but it is polynomial-time solvable when the underlying graph is a chain [14] or a
bounded-degree tree [22]. Recently, the inapproximability for similar problems to MIN-PRC in wavelength assign-
ment and path routing has been established by Andrews and Zhang [1,2].
This paper aims at giving the explicit inapproximability/approximability analysis for the MIN-TRC problem. We
prove that the MIN-TRC problem is not approximable within g1−ε for any ε >0, unless NP = ZPP. The lower bound
is best possible and holds even when the input topologies are trees, meshes, or tori. We also propose some greedy
algorithms with approximation performance ratios that approach the lower bound for large g. Our proof of inapprox-
imability uses reductions from the vertex coloring problem which has n1−ε-inapproximability threshold [9], and the
derivation of our approximability results relies on some nice graph properties.
The remainder of this paper is organized as follows. In Section 2, we introduce notations, definitions, and give some
preliminary results on the problems of MIN-TRC and vertex coloring. In Section 3, we prove the inapproximability
results for the MIN-TRC problem in trees, meshes and tori. In Section 4, we first propose a greedy algorithm for the
MIN-TRC problem on general graphs, and then present constant-factor approximations for some widely used graphs.
In Section 5, we conclude the paper with some remarks.
2. Preliminaries
In this section, we first introduce some terminology and then describe some related works on vertex coloring. Let
Γ be a set of groups in graph G and let T be a tree family over Γ , the maximum load of G with respect to T (or
simply the load of T ), denoted by LT , refers to the maximum number of trees in T that share a common edge in G.
The minimum maximum load of G is defined as L(G,Γ ) ≡ min{LT | T is a tree family over Γ }. It is evident that the
minimum number of colors necessary for MIN-TRC is at least L(G,Γ ).
Given a graph H , a k-coloring of H is a function φ :V (H) → {1,2, . . . , k} such that each color class {v | φ(v) = i
and v ∈ V (H)} contains no two adjacent vertices of H for each 1 i  k. We say that H is k-colorable if it admits a
k-coloring. The chromatic number χ(H) is the minimum value of k for which H is k-colorable. The vertex coloring
problem on H is to find a χ(H)-coloring of H .
The intersection graph GT of a tree family T = {T1, T2, . . . , Tg} in graph G is an undirected graph with vertex-set
V (GT ) = {v1, v2, . . . , vg} and edge-set E(GT ) = {vivj | Ti and Tj share at least one edge in G,1  i < j  g}.
Evidently, a k-coloring of GT gives rise to a coloring of T with no more than k colors, and vice versa.
Given an optimization problem P , a polynomial-time algorithm A is said to be an r-approximation algorithm for
P if for any instance I of P , we have max{cA(I)/copt(I ), copt(I )/cA(I )} r , where r is a positive real function on
the size of I , and cA(I ) (resp. copt(I )) is the value of the solution output by the algorithm A (resp. an optimal solution)
on the instance I . In this case we call r the performance ratio of A; in addition, we say that P is approximable within
ratio r . For MIN-TRC instance (G,Γ ), the solution value is defined as the number of colors used to color the trees in
the output tree family over Γ .
The MIN-TRC problem is closely tied to the vertex coloring problem. It was shown in [6] that the vertex coloring
problem on graph G cannot be approximated within n1/7−ε for any ε > 0 assuming NP = P . In addition, based on a
little stronger assumption NP = ZPP, the following negative result [9] and positive result [16] prove the intractability
of approximation for the vertex coloring problem, which will be used in our discussion.
Theorem 2.1. (See [9].) The vertex coloring problem on graph of n vertices is not approximable within n1−ε for any
ε > 0, unless NP = ZPP; and (see [16]) it is approximable within O(n(log logn)2/(logn)3).
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In this section, we show that the MIN-TRC problem is as hard as the vertex coloring problem, and then deduce
the inapproximability results directly from Theorem 2.1. We consider the MIN-TRC problem for three special graph
topologies including trees, meshes and tori, which occur in a variety of applications.
To distinguish the graph in an instance of the MIN-TRC problem and that in an instance of the vertex coloring
problem, we reserve symbol G for the former and symbol H for the latter. For ease of description, hereafter we
assume |V (H)| = g and |E(H)| = m. Let v ∈ V (H), we use δ(v) to denote the set of edges in E(H) incident with v.
Our first inapproximability result concerns with MIN-TRC in star graphs. A star graph is a tree with at most one
node of degree greater than one, which is called the center of the star graph.
Theorem 3.1. The MIN-TRC problem in trees is not approximable within max{g1−ε,m1/2−ε} for any ε > 0, unless
NP = ZPP.
Proof. Given a graph H with vertex-set V (H) = {v1, v2, . . . , vg} and edge-set E(H) = {e1, e2, . . . , em}, the star
graph G with m+ 1 vertices and m edges is defined by V (G) := {c, d1, d2, . . . , dm} and E(G) := {(cdi) | i =
1,2, . . . ,m}, and Γ := {1,2, . . . ,g} is defined by i := {c} ∪ (⋃ej∈δ(vi ) dj ) for each 1  i  g. Let T ={T1, T2, . . . , Tg} be the tree family over Γ such that Ti is the unique minimal tree in G over i for each 1 i  g. It
is easily verified that GT = H and copt(G,Γ ) = χ(GT ) = χ(H).
Suppose that there is an r-approximation algorithm A for the vertex coloring problem, then A colors the vertices
in GT , and therefore the corresponding trees in T , with cA(GT )  rχ(GT ) = rcopt(G,Γ ) colors. Conversely, any
r ′-approximation algorithm B for MIN-TRC would color the trees in T , and therefore the corresponding vertices
in GT = H , with cB(G,Γ )  r ′copt(G,Γ ) = r ′χ(GT ) = r ′χ(H). Thus under approximation-ratio-preserving re-
duction, the MIN-TRC problem in star graphs is equivalent to the vertex coloring problem, and then the conclusion
follows immediately from Theorem 2.1. 
We now consider the MIN-TRC problem in meshes and tori. Let k  2 be a positive integer. The 2-dimensional
k × k mesh (resp. torus) is an undirected graph with vertex-set {(a1, a2) | a1, a2 ∈ {0, . . . , k − 1}} and edge-set
{(a1, a2)(b1, b2) | ai = bi and aj = bj ± 1, for {i, j} = {1,2}} (resp. {(a1, a2)(b1, b2) | ai = bi and aj ≡ bj ± 1
(mod k), for {i, j} = {1,2}}). We will only present the analysis for meshes since the same argument is applicable to
tori unless otherwise noted.
Let H be an arbitrary graph without isolated vertices. Suppose V (H) = {v1, . . . , vg} and E(H) = {e1, . . . , em},
Chen et al. [7] defined the group set Γ = {1, . . . ,g} on a 5m× 5m mesh G as
(1)i :=
⋃
ej∈δ(vi )
{
(	,5j − k), (5j − k, 	) | 	 = 0,1, . . . ,5m− 1; k = 1, . . . ,5}
where i = 1,2, . . . , g, and proved the following lemma.
Lemma 3.1. (See [7].) Let Γ = {1,2, . . . ,g} consist of g groups in 5m× 5m mesh G as defined in (1). Then
(i) A tree family T over Γ can be computed in polynomial time such that GT = H and LT = 2; and
(ii) there do not exist three distinct integers i, j, k ∈ {1,2, . . . , g} such that vivj ∈ E(H) and T ′i , T ′j , T ′k are pairwise
edge-disjoint, for any tree family T ′ = {T ′1, . . . , T ′g} in G in which T ′i is a tree over i for each 1 i  g.
By a gap-preserving reduction (see [3] for an introduction to this concept) from the vertex coloring problem, we
shall establish the following inapproximability threshold for the MIN-TRC problem in meshes and tori.
Theorem 3.2. The MIN-TRC problem in 2-dimensional meshes (tori) is not approximable within g1−ε for any ε > 0,
unless NP = ZPP.
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ing problem on graph H , an instance (G,Γ ) of the MIN-TRC problem in meshes can be constructed in polynomial
time such that 12χ(H) copt(G,Γ ) χ(H).
We show that the (G,Γ ) described in (1) is as desired. Since, by Lemma 3.1(i), copt(G,Γ )  χ(GT ) = χ(H),
it remains to exhibit a 2copt(G,Γ )-coloring of H . Let {(T ′1, c1), (T ′2, c2), . . . , (T ′g, cg)} be an optimal solution in
which T ′i is a tree in G over i and with color ci for each 1  i  g. Considering the intersection graph GT ′ of
T ′ = {T ′1, T ′2, . . . , T ′g}, we deduce from Lemma 3.1(ii) that
(2)vivk ∈ E(GT ′) or vjvk ∈ E(GT ′) for any distinct vi, vj , vk such that vivj ∈ E(H) and vivj /∈ E(GT ′).
Note that GT ′ has a copt(G,Γ )-coloring φ′ :V → {1,2, . . . , copt(G,Γ )} with φ′(vi) = ci for each 1  i  g. We
now prove that graph H ′ with vertex-set V (H ′) := V (H) = V (GT ′) and edge-set E(H ′) = E(H) ∪ E(GT ′) has
a 2copt(G,Γ )-coloring φ. If φ′ is a proper coloring of H ′, then we are done since we can simply set φ := φ′; else
we can assume, without loss of generality, that ei = aibi, i = 1, . . . , 	, are all edges in E(H) \ E(GT ′) with both
ends assigned the same color in φ′. So 1  	  m, and φ′(ai) = φ′(bi) for each 1  i  	. By (2), every vertex in
V (GT ′) \ {ai, bi} is adjacent to ai or bi in GT ′ and hence assigned by φ′ a color different from φ′(ai) = φ′(bi). It
follows that all 2	 vertices a1, b1, . . . , a	, b	 are distinct, 	 copt(G,Γ ), and
φ(v) ≡
{
copt(G,Γ )+ i, v = ai, for some 1 i  	;
φ(v), v ∈ V (H) \ {a1, a2, . . . , a	}.
defines a 2copt(G,Γ )-coloring of H ′ as claimed. Since H is a subgraph of H ′, φ is also a 2copt(Γ ,G)-coloring
of H . 
Despite the same inapproximability threshold for trees (Theorem 3.1) and meshes (Theorem 3.2), the comparison
of their proofs shows that a few more choices for routing in meshes/tori might bring a little bit of benefit in approx-
imating MIN-TRC (though the benefit is negligible when g sufficiently large). Unfortunately, two popular strategies
for the MIN-TRC problem in meshes, the Shortest Path Tree (SPT) strategy and the Single Path (SP) strategy fail to
exploit the benefit. Under the SPT strategy, every group is connected by a tree, called shortest path tree, such that a
distinguished group member, called source, is connected to every member in the group through a shortest path. Under
the SP strategy, every tree over a group is a (single) path that spans all group members. (The remark below is made
for the MIN-TRC problem in meshes only.)
Remark 3.1. The MIN-TRC problem in meshes under the SPT (SP) strategy is equivalent to vertex coloring problem
via approximation-ratio-preserving reductions.
Proof. To see the equivalence, it suffices to consider an arbitrary graph H with V (H) = {v1, v2, . . . , vg} and E(H) =
{e1, e2, . . . , em}, and define a set Γ = {1,2, . . . ,g} of g groups in a mesh G satisfying the properties (a) H is the
intersection graph of some tree family over Γ , and (b) the intersection graph of any tree family over Γ contains H as
a subgraph.
In the case of SPT routing, we consider the p × p mesh G with p = max{m,g}. We define groups by i =
{(i − 1, k) | k = 0,1, . . . , p − 1} ∪ {(h, j − 1) | ej ∈ δ(vi);h = 0,1, . . . , p − 1} for each 1 i  g. In addition, we set
si = (i − 1,p − 1) as the source of i . We then have the tree family F = {F1,F2, . . . ,Fg} in which each Fi is the
shortest path tree over i that has exactly p − 1 vertical edges. (See Fig. 1 for an illustration, where Fi corresponds
to vi in the graph H .) Clearly, GF = H and condition (a) is satisfied. Notice that every shortest path tree over i
contains the column spanning {(i − 1, k) | k = 0,1, . . . , p − 1}. Hence for any vhvi = ej ∈ E(H) with h < i, since
{(h− 1, j − 1), (h, j − 1), . . . , (i − 1, j − 1)} ⊆ V (h)∩V (i), it is easy to see that every shortest path tree over h
share at least one common edge with any shortest path tree over i . Thus condition (b) holds.
In the case of SP routing, we consider 5m× 5m mesh G and define i := {(0,5j − k) | ej ∈ δ(vi); k = 1,2, . . . ,5}
for each 1  i  g. Then we have the tree family P = {P1, . . . ,Pg} in which Pi is the path in G with vertex set
V (Pi) = i ∪ {(h,5j − 5), (h,5j − 1) | ej ∈ δ(vi);h = 1,2, . . . , i} ∪ {(i,5j − k) | ej /∈ δ(vi); k = 1,2, . . . ,5}. (See
Fig. 1.) Observe that GP = H . Moreover, for any vhvi = ej ∈ E(H), any path over h and any path over i must
share an edge incident with one of the five vertices (0,5j − 5), (0,5j − 4), (0,5j − 3), (0,5j − 2), (0,5j − 1) on the
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boundary of G since V (h) ∩ V (i) contains the five vertices and at least three of the five vertices are each incident
with two edges from Th and from Ti . Hence both conditions (a) and (b) are satisfied. 
We conclude this section with a brief discussion on the relationship between the minimum number of colors and
the minimum maximum load. Based on the inequality copt(G,Γ ) L(G,Γ ), a common approach [5,17] to solve an
instance (G,Γ ) of the MIN-TRC problem is to first lower the maximum load of the graph before coloring the trees.
Nevertheless, the following theorem shows that it might not contribute much because the gap between copt(G,Γ ) and
L(G,Γ ) can be arbitrarily large in general.
Theorem 3.3. For any β > 0, there is an instance (G,Γ ) of the MIN-TRC problem such that copt(G,Γ ) βL(G,Γ ),
where G can be a tree or a mesh or a torus.
Proof. Let H be a graph with χ(H)  4β . First let the star graph G and the group set Γ be constructed as in the
proof of Theorem 3.1, then L(G,Γ ) = 2 while copt(G,Γ ) = χ(H) 4β . Second, let the mesh (torus) G, the group
set Γ , and the tree family T over Γ be as described in Lemma 3.1, then L(G,Γ )  LT = 2, and by the proof of
Theorem 3.2, we have copt(G,Γ ) χ(H)/2 2β . 
4. Approximability
In this section, we first propose a greedy algorithm, GREEDY_COLOR, for the MIN-TRC problem in general
graphs and analyze its performance, and then we investigate approximations for the MIN-TRC problem in some
special graph topologies including trees, tori, and rings.
4.1. Greedy algorithm
The main philosophy of our greedy strategy is to route trees using as few edges as possible. This idea comes from
an intuition: a tree of fewer edges potentially has more chances to share the same color with others, and therefore
potentially reduces the number of colors needed. In order to carry out the greedy strategy, it is worth noting that
finding a tree over a given group  of the minimum number of edges is a special case of the Minimum Steiner
Tree (MST) problem, which is NP-hard [10], and admits 2-approximation algorithm due to Kou, Markowsky and
Berman [19] and 1.55-approximation algorithm due to Robins and Zelikovsky [26].
Using the greedy strategy, in order to save colors, GREEDY_COLOR below always tries to assign one color to
as many groups as possible by constructing trees of fewer edges. It does not introduce a new color unless it has to.
To phrase it differently, using DIS_TREES as a subroutine, GREEDY_COLOR iteratively finds a large maximal set of
edge-disjoint trees over some currently unrouted groups, and assigns them a unique color. In the following algorithmic
descriptions, if T is a tree family over a subset of Γ , then GROUPS(T ,Γ ) denotes an arbitrary subset of Γ over which
T is a tree family, and E(T ) stands for ⋃T ∈T E(T ). For convenience, we set E(∅) = ∅.
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Input: A set Γ of g groups in graph G.
Output: A tree routing and coloring C = {(Ti, ci) | i = 1, . . . , g} of (G,Γ ).
1. i ← 0, B0 ← ∅, Γ 0 ← Γ
2. While Γ i = ∅ do begin
3. Ti ← DIS_TREES(G,Γ i )
4. Γ i+1 ← Γ i\ GROUPS(Ti ,Γ i )
5. Bi+1 ← Bi ∪ {(T , i + 1) | T ∈ Ti} //assign i + 1 to all trees in Ti
6. i ← i + 1
7. End-while
8. Output c ← i and C ← Bc
Procedure DIS_TREES
Input: A set Γ of groups in graph G.
Output: A tree family T of edge-disjoint trees over a subset of Γ .
//DIS_TREES(G,Γ ) = T
1. T ← ∅
2. Repeat
3. S ← {an 1.55-approx. of MST in G \E(T ) over  |  ∈ Γ \ GROUPS(T ,Γ )}
4. Take T ∈ S such that |E(T )| = minS∈S |E(S)|
5. T ← T ∪ {T }
6. Until S = ∅
7. Output T
Before proceeding to the performance analysis of GREEDY_COLOR, let us make some necessary preparations.
A problem closely related to MIN-TRC is tree routing and coloring for maximum throughput (MAX-TRC), where,
given an instance (G,Γ , ς) with ς being a positive integer, the goal is to find a tree family T over a subset of Γ and
a coloring of T using no more than ς colors such that |T | is maximized. A greedy algorithm called GREEDY_TREE
was proposed in [7] and approximates MAX-TRC within a ratio
√
1.55m + 1. GREEDY_TREE consists of a num-
ber of iterations. In the (i + 1)st iteration, set Γ i contains all currently unrouted groups; for every j = 1, . . . , ς ,
GREEDY_TREE obtains subgraph Gi+1j of G by removing from G edges in the trees already colored with color j ,
and computes, for every  ∈ Γ i whose connection can be established using color j , an 1.55-approximate MST over 
in Gi+1j ; subsequently, all these 1.55-approximations are put into a set Ti ; if Ti = ∅, then GREEDY_TREE terminates,
else
(∗) GREEDY_TREE selects a tree T in Ti and an integer j with T ⊆ Gi+1j such that |E(T )| is minimum, and
colors T with j , and then proceeds to the next iteration.
It is obvious that for any (G,Γ ), the trees output by DIS_TREES on instance (G,Γ ) are exactly those out-
put by GREEDY_TREE on instance (G,Γ ,1). By this fact and the (
√
1.55m + 1)-performance guarantee of
GREEDY_TREE, applying the techniques used in [4,18] we can show a √1.55m + 1(logg + 1) approximation
ratio for GREEDY_COLOR. Next, we improve this slightly by presenting a somewhat different analysis.
Let us consider an adaptation of GREEDY_TREE, called GREEDY_TREE’, which does the same as GREEDY_TREE
except applies (∗’) below in place of (∗).
(∗’) GREEDY_TREE’ selects a tree T in Ti and an integer j with T ⊆ Gi+1j such that j is minimum, and subject
to the minimality of j , |E(T )| is minimum, and colors T with j , and then proceeds to the next iteration.
Essentially GREEDY_TREE’ has a pseudo-code description quite similar to that of GREEDY_COLOR.
Algorithm GREEDY_TREE’
Input: A set Γ of groups in graph G, and a set {1, . . . , ς} of colors.
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of Γ , and {c1, . . . , ct } ⊆ {1, . . . , ς}.
1. i ← 0, B0 ← ∅, Γ 0 ← Γ .
2. While Γ i = ∅ and i = ς + 1 do begin
3. execute Steps 3–6 of GREEDY_COLOR
4. End-while
5. Output C ← Bi
By similarity of GREEDY_TREE’ and GREEDY_TREE, minor modification on the analysis of GREEDY_TREE
in [7] shows that GREEDY_TREE’ remains a (
√
1.55m+ 1)-approximation algorithm for MAX-TRC. For complete-
ness, we include here a short and a little different proof.
Lemma 4.1. GREEDY_TREE’ approximates the MAX-TRC problem within a ratio (
√
1.55m+ 1).
Proof. We may assume that ς < g, t  ς , and GREEDY_TREE’ used all ς colors. Consider an optimal solution to
(G,Γ , ς) and let S consist of the trees in the optimal solution over groups unrouted by GREEDY_TREE’. It suffices
to show |S|/t √1.55m.
Notice from (∗’) that, for every tree S in S and every j = 1, . . . , ς , S shares a common edge with some tree
T ∈ {T1, . . . , Tt } such that (T , j) ∈ C and |E(T )|  1.55|E(S)|. We employ similar construction to that in [7]. Let
H be a bipartite graph with bipartition (X,Y ) in which X = S and Y = {ei | e ∈ E(Ti), i = 1, . . . , t}, and an edge
join S ∈ X and ei ∈ Y if and only if e ∈ E(S) and |E(Ti)| 1.55|E(S)|. Since every S ∈ X has at least ς neighbors
in Y , and no ei ∈ Y can have more than ς neighbors in X, there is a matching in S that matches every S ∈ X with an
eSh(S) ∈ Y with eS ∈ E(S)∩E(Th(S)) and |E(S)| |E(Th(S))|/1.55. Since eRh(R) = eSh(S) for distinct R,S ∈ S , we see
that |E(Ti)| si := |{S | S ∈ S, h(S) = i}| holds for i = 1, . . . , t . Therefore
ςm
∑
S∈S
∣∣E(S)∣∣= t∑
i=1
∑
S∈S,h(S)=i
∣∣E(S)∣∣

t∑
i=1
∑
S∈S,h(S)=i
1
1.55
∣∣E(Th(S))∣∣
= 1
1.55
t∑
i=1
∣∣E(Ti)∣∣si  11.55
t∑
i=1
s2i .
Using
∑t
i=1 si = |S| and t  ς , we get
|S|/t = 1
t
t∑
i=1
si 
√√√√1
t
t∑
i=1
s2i 
√
1.55ςm/t 
√
1.55m.
The proof is then finished. 
Theorem 4.1. GREEDY_COLOR approximates the MIN-TRC problem within a ratio M(logg/M+2)+2, where
M = √1.55m+ 1.
Proof. If g M or m  2, then GREEDY_COLOR uses at most M colors and has approximation ratio at most M .
Thus we assume
(3)g >M 
√
1.55 × 3 + 1.
For an instance (G,Γ ) of the MIN-TRC problem, let c∗ := copt(G,Γ ) denote the minimum number of colors needed,
and let c denote the number of colors used by GREEDY_COLOR, and B1, . . . ,Bc denote the sets constructed in Step 5
of GREEDY_COLOR.
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⋃c∗−1
i=0 {(T , i + 1) |
T ∈ Ti} = Bc∗ . Hence by Lemma 4.1, we have β1 := |Bc∗ | g/M . Subsequently, we see that there exists an execution
of GREEDY_TREE’ on the instance (G,Γ c∗ , c∗) whose output is the same as B2c∗ − Bc∗ , and again Lemma 4.1
guarantees β2 := |B2c∗ −Bc∗ | |Γ c∗ |/M = (g − |Bc∗ |)/M . Continuing in this way, we get
(4)βi+1 := |B(i+1)c∗ −Bic∗ |
⌈(
g − |Bic∗ |
)
/M
⌉
, i = 0,1, . . . , c/c∗,
where B0 := ∅. Notice that
|Bjc∗ | =
j∑
i=1
βj , j = 1, . . . , c/c∗ and
c/c∗∑
i=1
βi  g.
To estimate the value c, we consider the sequence β ′0 = 0, β ′i = (g −
∑i−1
j=0 β ′j )/M, i = 1,2, . . . , and take the
maximum positive integer c′ such that β ′c′/c∗  1 and
∑c′/c∗
i=1 β ′i  g. It can be seen from (4) that c c′. Moreover
β ′1  β ′2  · · · β ′c′/c∗  1, β ′1  2 (by (3)), and
(5)c
′
c∗
<
1
β ′1
+ · · · + 1
β ′1︸ ︷︷ ︸
β ′1
+ 1
β ′2
+ · · · + 1
β ′2︸ ︷︷ ︸
β ′2
+· · · + 1
β ′c′/c∗
+ · · · + 1
β ′c′/c∗︸ ︷︷ ︸
β ′c′/c∗
+1.
Note that the right-hand side of (5) can have at most (M + i) terms 1/i for 1 i  M. If β ′1  M, then
c
c∗
 c
′
c∗
< M
(
1
β ′1
+ 1
β ′1 − 1
+ · · · + 1
2
+ 1
)
+ β ′1
 M(logβ ′1 + 1)+ M
 M(logg/M + 2)
giving the result. So we assume that for some integer k,
β ′1 > · · · > β ′k−1 > β ′k  M + 1 > β ′k+1  · · · β ′c′/c∗.
Therefore the definitions of β ′0, β ′1, β ′2, . . . imply g−
∑k−1
j=0 β ′j  M(M−1) and
∑k−1
j=i β ′j  (β ′i −β ′k+1 +1)M
for i = k − 1, k − 2, . . . ,1. Rename by γ1, γ2, . . . , γp the decreasing series
1
β ′k−1
, . . . ,
1
β ′k−1︸ ︷︷ ︸
β ′k−1
,
1
β ′k−2
, . . . ,
1
β ′k−2︸ ︷︷ ︸
β ′k−2
, . . . ,
1
β ′1
, . . . ,
1
β ′1︸ ︷︷ ︸
β ′1
,
where p =∑k−1j=1 β ′j , so that γ1  γ2  · · · γp . Let q = p/M, and for i = 1, . . . , q − 1, define
αi =
iM∑
j=(i−1)M+1
γj and αq =
p∑
j=(q−1)M+1
γj .
It then follows that
q  β ′1 − β ′k+1 + 1 and αi 
M
β ′k+1 + i − 1
for i = 1, . . . , q − 1, q,
which implies
q∑
i=1
αi  M
(
1
β ′1
+ 1
β ′1 − 1
+ · · · + 1
β ′k+1
)
.
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c
c∗
 c
′
c∗
<
q∑
i=1
αi + β ′k
1
β ′k
+ M
(
1
β ′k+1
+ 1
β ′k+1 − 1
+ · · · + 1
2
+ 1
)
+ β ′k+1
 M
(
1
β ′1
+ 1
β ′1 − 1
+ · · · + 1
2
+ 1
)
+ M
β ′k+1
+ β ′k+1 + 1
 M(logβ ′1 + 1)+ M + 2 = M
(
logg/M + 2)+ 2,
which proves the theorem. 
The approximation ratio in the above theorem is rather high and reflects again the hardness of the general problem.
So, a natural direction is to take concrete graph topologies into account.
4.2. Special graphs
To gain an insight into the impact of graph topology on the approximability of the MIN-TRC problem, we present
in this subsection approximation algorithms with guaranteed performance ratios for three classes of special graphs:
trees, tori, and rings.
Recall that in trees, the MIN-TRC problem is equivalent to the tree coloring problem: color all trees in T with
a minimum number of colors, since the tree family T of minimal trees over a given set Γ of groups is unique. We
refer to groups in Γ simply as trees in T . Straightforwardly, the approximation algorithm for the vertex coloring
problem [16] on GT carries over to the MIN-TRC problem on T , and gives the following immediate upper bound
close to the lower bounds given in Theorem 3.1.
Theorem 4.2. The MIN-TRC problem in trees is approximable within a ratio O(g(log logg)2/(logg)3).
When the size of a group is upper bounded by a constant k [13,15], i.e., || k for every  ∈ Γ , we have a tree
family T = {T1, T2, . . . , Tg}, called a k-tree family such that
(6)the maximum degree of every Ti is no more than k.
Notice that the MIN-TRC problem on a k-tree family in a tree graph is NP-hard even when k = 2 [11]. Fortunately,
by the nice property of k-tree family and the acyclic structure of the underlying graph, this problem admits a k-
approximation algorithm FIRST_FIT. Initially, FIRST_FIT picks an arbitrary vertex (root) r of the tree graph, and
reorders the trees T1, T2, . . . , Tg in the family as T ′1, T ′2, . . . , T ′g such that, for every i = 1,2, . . . , g − 1, the shortest
path from r to a vertex of T ′i is not longer than the shortest path from r to every vertex of T ′i+1. Then FIRST_FIT
runs in g steps: in the ith step, it assigns T ′i the first available color, i.e., the smallest positive integer that has not been
assigned to any trees in {T ′1, T ′2, . . . , T ′i−1} sharing an edge with T ′i .
Theorem 4.3. The MIN-TRC problem is approximable within k − k−1
L
for any given k-tree family in a tree graph of
maximum load L.
Proof. Let T be a k-tree family in a tree G, and let L be the maximum load of G. Since copt(G,T ) L, it suffices
to show that FIRST_FIT requires at most kL− k + 1 colors. Suppose for a contradiction that FIRST_FIT(G,T ) uses
at least kL− k + 2 colors. Then for some i, at the beginning of the ith step, T ′i is uncolored, and kL− k + 1 trees
from {T ′1, T ′2, . . . , T ′i−1}, say T ′′1 , T ′′2 , . . . , T ′′kL−k+1, have used up kL− k + 1 different colors, and every T ′′h (1 h
kL − k + 1) shares a common edge eh with T ′i . Let v be the vertex of T ′i nearest to the root r . Recall that, for every
h = 1, . . . , kL − k + 1, the shortest path from r to a vertex of T ′′h is not longer than the path from r to v. The tree
structure of G enables us to take the kL− k + 1 common edges eh, 1  h  kL − k + 1, such that all of them are
incident with v. Nevertheless, from condition (6), we deduce that T ′i can share with at most k(L− 1) other trees edges
incident with v, a contradiction. 
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Theorem 4.3 shows that neither low degree nor regularity necessarily implies improvements on the approximability
of the MIN-TRC problem. Consider an instance of the MIN-TRC problem (G,Γ ) where G is a 2-dimensional torus.
Since G is 4-edge connected, there are two edge-disjoint spanning trees S and T in G [20,29]. It is easy to see that
either {(T , i), (S, i) | 1 i  g/2} (when g is even) or {(S, i), (T , i) | 1 i  (g − 1)/2} ∪ {(S, (g + 1)/2)} (when g
is odd) is a solution to (G,Γ ).
Theorem 4.4. The MIN-TRC problem in 2-dimensional tori is approximable within g/2.
Finally, we investigate rings. A ring is a cycle with no chord. So in a ring, a tree is simply a path traversing all
vertices in a group. Due to the simple topology, the MIN-TRC problem in rings is relatively easy, and admits a 2-ap-
proximation algorithm using the same technique as for path routing and coloring in rings [25]: picking an arbitrary
edge e of the ring G, and outputting an optimal solution {(Ti, ci)| i = 1, . . . , g} to the instance (G \ {e},Γ ) of the
MIN-TRC problem in the chain G \ {e} [14], where the solution uses |{c1, . . . , cg}| = L{T1,...,Tg} distinct colors. To see
the approximation ratio 2, consider T ∗ a tree family over Γ in an optimal solution to the MIN-TRC instance (G,Γ ).
Let T ∗e consist of trees in T ∗ using e. Then both LT ∗e and LT ∗\T ∗e are at most LT ∗ , and L{T1,...,Tg}  LT ∗e +LT ∗\T ∗e 
2LT ∗ . Now the performance guarantee 2 follows from the fact that the optimal solution to the MIN-TRC instance
(G,Γ ) must use at least LT ∗ colors.
The following theorem shows that further improvement can be made by investigating solutions for two chains and
returning the better.
Theorem 4.5. The MIN-TRC problem in rings is approximable within 2 − 1
g
.
Proof. We may assume that |1|  2. For every v ∈ Γ1, let v′, v′′ be the two neighbors of v in the ring G. The
approximation algorithm goes as follows. For w = v′, v′′, let ew be the edge of G joining w and v, and let w =
(1 \ {v}) ∪ {w} and Γ w = {w,2, . . . ,g}; find an optimal solution Cw = {(Twi, cwi) | i = 1, . . . , g} to the MIN-
TRC instance (G \ {ew},Γ w) in which Tw1 is a minimal tree over w1. Switch v′ and v′′ if necessary so that Cv′ uses
no more colors than Cv′′ . Take u ∈ 1 with |Cu′ | = min{|Cv′ | | v ∈ 1}. Return tree routing and coloring {(Ti, cu′i ) |
i = 1, . . . , g} for the MIN-TRC instance (G,Γ ), where T1 is the tree obtained by connecting Tu′1 with u via edge eu′ ,
and Ti = Tu′i for i = 2, . . . , g.
In analyzing the algorithm, let C∗ = {(T ∗i , c∗i ) | i = 1, . . . , g} be an optimal solution to the MIN-TRC instance
(G,Γ ), and suppose T ∗1 is a minimal tree over 1 and uses edge ew with w = v′ or v′′ to connect one of its leaves v.
Let T ∗ew consist of trees in T ∗ = {T ∗1 , . . . , T ∗g } using ew , and Γ ∗ew consist of groups in Γ such that T ∗ew is over Γ ∗ew andT ∗ \T ∗ew is over Γ \Γ ∗ew . Observe that LT ∗  LT ∗ew = |T ∗ew | = |Γ ∗ew | and 1 ∈ Γ ∗ew . Moreover, T1 = (T ∗ \T ∗ew )∪{T ∗1 \{v}} is a tree family in the chain G \ {ew} over (Γ \ Γ ∗ew ) ∪ {w1}, and straightforwardly LT1  LT ∗ . Let T2 be the
family of the minimal trees in G \ {ew} over Γ ∗ew \ {1}. Then LT2  |Γ ∗ew |−1 LT ∗ −1, and T1 ∪T2 is a tree family
in G \ {ew} over ((Γ \ Γ ∗ew ) ∪ {w1}) ∪ (Γ ∗ew \ {1}) = Γ w which has load LT1∪T2  LT1 + LT2  2LT ∗ − 1 and
can be colored with LT1∪T2 colors. Recalling the optimality of Cw , we have |Cw| = |{cw1, cw2, . . . , cwg}| LT1∪T2 
2LT ∗ − 1.
Now consider the number of colors used by the solution {(Ti, cu′i ) | i = 1, . . . , g} for the MIN-TRC problem on
(G,Γ ). We deduce from the choice of Cu′ that |{cu′1, cu′2, . . . , cu′g}| = |Cu′ | |Cw| 2LT ∗ − 1 2copt(G,Γ ) − 1.
It follows from copt(G,Γ ) g that |{cu′1, cu′2, . . . , cu′g}|/copt(G,Γ ) 2 − 1g . 
Recalling the general large gap between the minimum number of colors and the minimum maximum load stated
in Theorem 3.3, we see that as a processing step of the MIN-TRC problem, the minimization of the maximum load
works much better in rings than in trees and tori.
5. Conclusions
In this paper we have studied the hardness of approximating the tree routing and coloring problem aiming for
the minimization on the number of colors used. As one of our main contributions, we proved the strong negative
result on the possibility of finding efficiently good approximate solutions to the MIN-TRC problem even when the
X. Chen et al. / Journal of Discrete Algorithms 6 (2008) 341–351 351underlying topology is a mesh or a torus. The (g1−ε)-inapproximability proved seems a good reason to stop the
efforts for seeking approximation on the general problem. The positive results presented include several approximation
algorithms designed for general graphs and for some special graphs. We have shown that specific considerations on
topology and group size/distributions might bring about improvements on approximating MIN-TRC in special graphs.
As the future work, the development of good approximation algorithms for the MIN-TRC problem in widely used
special graphs deserves good research efforts.
Acknowledgement
The authors are deeply indebted to two anonymous referees for their invaluable comments and suggestions which
have greatly improved the presentation of this paper. In particular, one referee suggested an improvement that yields
Theorems 4.1 and 4.5.
References
[1] M. Andrews, L. Zhang, Hardness of the undirected congestion minimization problem, in: Proceedings of the 37th Annual ACM Symposium
on Theory of Computing, 2005, pp. 284–293.
[2] M. Andrews, L. Zhang, Complexity of wavelength assignment in optical network optimization, in: Proceedings of IEEE INFOCOM, 2006.
[3] S. Arora, C. Lund, Hardness of approximation, in: D. Hochbaum (Ed.), Algorithms for NP-Hard Problems, PWS Publishing Company, 1996,
pp. 399–466.
[4] Y. Aumann, Y. Rabani, Improved bounds for all-optical routing, in: Proceedings of the 6th Annual ACM-SIAM Symposium on Discrete
Algorithms, 1995, pp. 567–576.
[5] S. Baroni, P. Bayvel, Wavelength requirements in arbitrarily connected wavelength-routed optical networks, IEEE Journal of Lightwave
Technology 15 (2) (1997) 242–251.
[6] M. Bellare, O. Goldreich, M. Sudan, Free bits and non-approximability—towards tight results, SIAM Journal on Computing 27 (1998) 804–
915.
[7] X. Chen, X. Hu, T. Shuai, Inapproximability and approximability of maximal tree routing and coloring, Journal of Combinatorial Optimiza-
tion 11 (2006) 219–229.
[8] T. Erlebach, K. Jansen, The complexity of path coloring and call scheduling, Theoretical Computer Science 255 (2001) 33–50.
[9] U. Feige, J. Kilian, Zero knowledge and the chromatic number, Journal of Computer System Sciences 57 (1998) 187–199.
[10] M.R. Garey, D.S. Johnson, Computers and Intractability: A Guide to the Theory of NP-completeness, W.H. Freeman and Company, New
York, 1979.
[11] M.C. Golumbic, R.E. Jamison, Edge and vertex intersection of paths in a tree, Discrete Mathematics 55 (1985) 151–159.
[12] M.C. Golumbic, R.E. Jamison, The edge intersection graphs of paths in a tree, Journal of Combinatorial Theory, Series B 38 (1985) 8–22.
[13] J. Gu, X.-D. Hu, X.-H. Jia, M.-H. Zhang, Routing algorithm for multicast under multi-tree model in optical networks, Theoretical Computer
Science 314 (2004) 293–301.
[14] U.I. Gupta, D.T. Lee, Y.-T. Leung, Efficient algorithms for interval graphs and circular-arc graphs, Networks 12 (1982) 459–467.
[15] R.L. Hadas, Efficient collective communication in WDM networks with a power budget, in: Proceedings of the 9th IEEE International Con-
ference on Computer Communications and Networks, 2000, pp. 612–616.
[16] M.M. Halldórsson, A still better performance guarantee for approximate graph coloring, Information Processing Letters 45 (1993) 19–23.
[17] X.-H. Jia, D.-Z. Du, X.-D. Hu, Integrated algorithms for delay bounded multicast routing and wavelength assignment in all optical networks,
Computer Communications 24 (2001) 1390–1399.
[18] J.M. Kleinberg, Approximation algorithms for disjoint paths problems, PhD thesis, MIT, Cambridge, MA, 1996.
[19] L. Kou, G. Markowsky, L. Berman, A fast algorithm for steiner trees, Acta Informatica 15 (1981) 141–145.
[20] C.St.J.A. Nash-Williams, Edge disjoint spanning trees of finite graphs, The Journal of the London Mathematical Society 36 (1961) 445–450.
[21] T. Nishizeki, K. Kashiwagi, On the 1.1 edge-coloring of multigraphs, SIAM Journal on Discrete Mathematics 3 (1990) 391–410.
[22] C. Nomikos, Path coloring in graphs, PhD thesis, Department of Electrical and Computer Engineering, NTUA, 1997.
[23] C. Nomikos, Routing and path coloring in rings: NP-completeness, Technical Report 15-2000, University of Ioannina, Greece, 2000.
[24] Y. Rabani, Path coloring on the mesh, in: Proceedings of the 37th Annual Symposium on Foundations of Computer Science, 1996,
pp. 400–409.
[25] P. Raghavan, E. Upfal, Efficient routing in all-optical networks, in: Proceedings of the 26th Annual ACM Symposium on Theory of Computing,
1994, pp. 134–143.
[26] G. Robins, A. Zelikovsky, Improved Steiner tree approximation in graphs, in: Proceedings of the 11th Annual ACM-SIAM Symposium on
Discrete Algorithms, 2000, pp. 770–779.
[27] L.H. Sahasrabuddhe, B. Mukherjee, Light-trees: optical multicasting for improved performance in wavelength-routed networks, IEEE Com-
munications Magazine 37 (2) (1999) 67–73.
[28] R. Tarjan, Decomposition by clique separators, Discrete Mathematics 55 (1985) 221–232.
[29] W.T. Tutte, On the problem of decomposing a graph into n connected factors, The Journal of the London Mathematical Society 36 (1961)
221–230.
